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ABSTRACT
Sometimes ago, it has been proposed in a paper by N.Kaloper and K.A.Meissner
(Phys. Rev. D56 (1997) 7940) that if one makes local redenitions of elds, it does
not change the equations of motion (in the redened elds); however, this comment
has not generally been accepted, namely, the redened elds satisfy dierent equations
of motion. For this reason, the whole action will be written in terms of the zeroth-
order eld equations in this paper. In this study, we also observe that N.Kaloper and
K.A.Meissner’s eective action (Phys. Rev. D56 (1997) 7940)which has a duality
symmetry beyond the rst loop, can be written in terms of the zeroth-order eld
equations if the Riemann tensor and the Kalb-Ramond eld have some symmetries.




Global, continuous symmetries not connected with the dieomorphism group are very
rare in gravitational systems. The rst example was discovered by Ehlers for the case
of four-dimensional pure gravity with one Killing vector. Later, it was shown by
Geroch that in the case of two Killing vectors the symmetry gets enhanced to an
innite Kac-Moody algebra. In string theory, the gravitational multiplet contains not
only the graviton, but also a scalar (dilaton) and the antisymmetric tensor (often
referred to as torsion). The symmetries of the Ehlers and Geroch type were also
shown in this case [4]. Another type of symmetry in such a system was discovered
in [1] (without the torsion eld the discrete symmetry of the action was discovered
in [2] and [3]). It was shown that, for the case of elds depending only on time in
an arbitrary number of dimensions (1 time, d space dimensions), the lowest-order
Lagrangian exhibits continuous, global O(d, d) symmetry. The symmetry was later
extended to the presence of matter [5] or gauge elds [6] and seems to be present
in a large number of string-inspired theories containing gravity. In [1] argument
was given that the symmetry should be present to all orders in α0 in the σ-model
expansion (another argument was given in [7]). In [3] it was argued that for the case
without the torsion eld there should be corrections to elds in the next order in α0
to ensure vanishing of the β-functions and in [8] it was demonstrated on one specic
example. Since the inclusion of the next-order terms (like curvature squared) can be
very important for the stability of the solutions (as was recently discussed for the case
with no torsion in [9]), it is the purpose of the present paper to show that the whole
action can be written in terms of the zeroth-order eld equations. There is quite a
number of authors that have calculated the higher-order eective action coming from
string amplitudes or from loop calculations in the σ-models (see for example [10, 11])
that sometimes do not agree with one another. We assumed throughout this paper
that the result of [10] is correct, and it turned out that with this assumption the
O(d, d) symmetry of the quartic action can be proved.
2 The O(d, d) symmetry in the lowest order
In [1] it was shown that the lowest-order string gravity (gravity coupled to dilaton
and the antisymmetric tensor) Lagrangian, for elds depending only on cosmic time,
possesses explicit O(d, d) invariance, where d is the number of space dimensions. We
will recall here this construction to set the notation. The lowest-order Lagrangian
reads (throughout this paper we use the string frame with e−2φ out front, since the












Our metric is (−, +, . . . , +) and
Rµνρσ = ∂ρΓ
µ
νσ − . . . , Rµν = Rαµαν , Hµνρ = ∂µBνρ + cyclic (2.2)
3 The symmetry in the next order without torsion
We start with the following form of fourth order in derivatives action in the string






























(λ0 = −18 for the heterotic string, −14 for the Bose string and 0 for the superstring).
This is the simplest possible form of the string eective action. It has been pro-
posed in a paper by N.Kaloper and K.A.Meissner (Phys. Rev. D56 (1997) 7940) that
if one makes local redenitions of elds, it does not change the equations of motion (in
the redened elds); however, this comment has not generally been accepted, namely,
the redened elds satisfy dierent equations of motion. For this reason, the whole
action will be written in terms of the zeroth-order eld equations in this paper.
We start to show the techniques involved with the simpler case of vanishing H
(then, of course, we do not have the full O(d, d) symmetry but only some discrete






R + 4(∂φ)2 − α0λ0RµνσρRµνσρ + O(α02)
}
(3.2)


















where R2GB is the Gauss-Bonnet term
R2GB = RµνσρR
µνσρ − 4RµνRµν + R2 (3.4)
In order to transform (3.2) to the form (3.3) we use the redenitions
δgµν = α
0[b1Rµν + b2∂µφ∂νφ + gµν(b3R + b4(∂φ)2 + b52φ)]
δφ = α0[c1R + c2(∂φ)2 + c32φ]. (3.5)
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Rµν + 2Dµ∂νφ− 1
2
gµν(R + 42φ− 4(∂φ)2)
)
δgµν+
+ 2(R + 42φ− 4(∂φ)2)δφ
}
(3.6)




α0λ0R + 2α0λ0(∂φ)2; (3.7)










∂µφ∂νφ− 162φ(∂φ)2 + 16(∂φ)4
]
(3.8)
4 The full O(d, d) symmetry
We now set to nd the proper form of the action after inclusion of the antisymmetric
tensor H-Kalb-Ramond eld. We have to try all possible redenitions of the action







0λ0(d1DλHλµν + d2Hλµν∂λφ), (4.1)
where
H2µν = HµαβHν
αβ, and H2 = HµαβH
µαβ (4.2)














































































Starting from the action (3.1) and trying dierent redenitions, we nally arrive at



























































(R + 42φ− 4(∂φ)2 − 1
12
H2)2
−4(Rµν + 2Dµ∂νφ− 1
4
H2µν)(R





























and the Riemann tensor and the Kalb-Ramond eld have the following symmetries:









So, obtaining of the two-loop action is equivalent to make substitutions of the
lowest-order equations of motion and of the symmetric Riemann tensor and the sym-
metric Kalb-Ramond eld in the Gauss-Bonnet term. The lowest-order equations of
motion are:
Rµν + 2Dµ∂νφ− 1
4




R + 42φ− 4(∂φ)2 − 1
12
H2 = 0, DλHλµν − 2Hµνλ∂λφ = 0 (4.8)
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